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'Let us consider the system of differential equations 

d; = f, (t, Xl, . . - ,%a) (s=l,...,n) (1) 
where the f, are real functions given in some region 

(h) t>o, IjzjI =I/IC1z+...+x,2<R 

are continuous in t and satisfy the Cauchy condition relative to xl, 

. ..) x,,; furthermore, f,(t, 0, 0, . . . . 0) = 0. 

Suppose that $(r) is a real continuous function when r 2 0, which has 

a continuous derivative that satisfies the following two conditions: 

(1) cp (r) = 1 when O,<z,<R,<R,<R, (2) q(r) = 0 when z Z 4 

Let us introduce the functions 

J',(t, 21, . . . , G) = f, (t, ~1, . . . 3 2,) 'p +[I) (s=l,...,n) 

where for the sake of definiteness we assume that f,(t, zI, . . . . xn) = 0 

when I/XII a> R. It is not difficult to see [l I that the functions F, 

are continuous in t and satisfy the Cauchy condition relative to 

"1, a**, zn in the region 

(W t>,o, II x II < O” 

L& us consider the system of differential equations 
. dx 
-2 = F, (t, x1, . . . , 2,) 
dt 

(s=l,...,n) (2) 

It is obvious that through each point (t,, xlO, . . . . xn,-,) of the 
region H there passes a unique solution 

20 



On the second sethod of ,Liapunov 21 

5s = xs (6 to, x10, - * * I GUJ) (s=l,...,n) (3) 

of the system (2). It is well known [1,2 1 that the relation (3) can be 
solved for xSO in H and that 

Go = 3s (to, t, 21, * . . , xn) (s=l,...,n) (4) 

In the region 

(ho) t>,o, II 2 II < Ro 

the solution of the system (2) coincides with the corresponding solutions 
of the system (1). Therefore, the zero solutions of the indicated systems 
of equations are equivalent to each other with respect to stability in 
the ,Liapunov sense [3 1 . 

Definition 1. Suppose that in some region 

there is defined a continuous single-valued function V(t, xl, . . . . x,,) 

which is of a definite sign and positive for any fixed value t > 0. Let 
us assume that the function V(t, x1, . . . , xn) is such that there exists 
some real constant a ,> 0 (a < r) such that for every initial value 
t = t,, > 0 and for every given E > 0 there exists a value t = T (6, t,,)l> 
t0 such that in the plane t = T of the region g one can always connect 
the point O(T, 0, 0, . . . , 0) with the surface 11 x 11 = a by means of a 
continuous curve l’ at all of whose points 

‘v (T, Xl, * * * , xn) < 83 (5) 

Then we shall say that the given function V(t, x1, . . ., x,,) is a positive- 
weakly definite function. 

Definition 2. ILet V(t, x1, . . . . x,) be a positive-definite function 
in the region g, and let 7 > 0 be an arbitrary given number. We denote 
by D(q) the set of all those points of the region g at which the follow- 
ing inequality is satisfied: 

v (t, Xl, * . * , %a) < r (6) 

I.&t t = t* > 0. lhe intersection of the set D(q) with the plane t = t* 
in the region g we shall denote by ~(7, t* 1. 

If for every sufficiently small q I> 0 the maximum norm of the points 
(t*, X1’ . ..) rn) 6 ~(9, t*) satisfies the condition 



22 S.K. Persidskii 

maxI/xIj+O when CO 

then we shall say that the given function V(t, xl, . . ., x,,) is positive- 
strongly definite. 

For example, let 

be a quadratic form which is positive-definite for any fixed t > 0. We 
shall denote by h,(t) the smallest root of the equation det 1 ask(t) - 

X8&\ = 0. 

It is easy to show [4 I that the quadratic form (7) will be positive- 
strongly definite if and only if 

lim h1 (t) = co when t -+ m 

In order that the considered quadratic form be positive-weakly definite 
it is necessary and sufficient that 

lim&(t)= 0 when t-+m 

ILet t0 2 0, and let us denote by 

5, = 5s (t, to, x10, . . * , Go) (s=i,...,n) (8) 

the solution of (2) which passes for t = t,, through an arbitrary given 
point (t,, zlo, . . ., nnO ) of the region H. ILet us solve (8) for zs,-, (in 
accordance with Formula (4)) and set 

n 

v (t, 21, * . . 7 xn) = 2 G2 (to, t,q, . * . 7 2,) (9) 
S=l 

It is obvious that the considered function V(t, x1, . . . . xn) is 
positive-definite for every fixed value of t > 0, while in the region H 

because of (2). 

T” (t, Xl, . . . , xn) = 0 (10) 

1. We shall show that if the zero solution of the system (1) is un- 
stable then the function 

)? 

v, (k x1, * * . , 2,) = 2 xs2(0,t,x1, * * .,%I) (11) 
s=1 
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defined by the relation (91, with t, = 0, will be positive-weakly de- 
finite in the region ha. 

Indeed, if the zero solution of the system (1) and hence of the system 
(2), is unstable then there exists a real constant as> 0 (a < R,) such 
that among the possible solutions of the system (2) 

which satisfy for t = 0 the initial conditions 

(13) 

there exists at least one solution 

2s = G (t, Em, 3 * * , Em) (s=1,...,n) (II 5011 =+vq (14) 

and one value t = T (E) I> 0 such that an arbitrary solution (12) will 
satisfy the inequality 

~IWJI,. - f I, Gdjl< a ($5) 

for all values t= (0, T), and the solution (14), with t = T (6 ), will 
satisfy the condition 

~~~~~,~~~,.**,~*)~=~ ($6) 

Furthermore, if t = t0 > 0 is an arbitrarily chosen fixed value of t, 
then, in view of the continuity of the solution of the system (2) with 
respect to the initial values, one may always assume that the positive 
number E in (13) has been chosen so small that the above mentioned 
T= 2 (6) is greater than t,. It is obvious that the geometric locus of 
the points which for t a 0 lie on the integral curves (12) form the sur- 
face 

V*(t,xl, . * . ,&) = f E 07) 

the 
It follows from (16) that there exists a point M(Z', x1', . . . . r,') on 
indicated surface, with t = ‘7, at which.\\z'/l = o. 

When t= T k ), the surface (17) determines some connected closed set 
y(3~/4, T) for which the points of the surface (l'?), with t = T, are 
boundary points and at all of whose points it is true that 

‘Vo(T,%, . . .,X”><<& (38) 
Here, the point O(T, 0, 0, . . . . 0) is an interior point of the set 
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y(3c/4, 7’) while the point M(T, x1’, . ..> x,‘), at which j\x’\\ = a, is 
a boundary point of this set. From (18) it follows that the indicated 
points 0 and M can be connected in the plane t = T (6 ) by some contin- 
uous curve I? at all of whose points the following inequality holds: 

V, (7’, X1, . . . ( 5,J -“:: 4 8 .( E (I!,) 

Hence, in the case under consideration, the function Y, is positive- 
weakly definite, and it follows from (10) that V’ = 0 in the region h, 
because of the system of equations (1). 

2. Suppose that the zero solution of the system (1), and hence also 
of the system (2), is asymptotically uniformly stable with respect to 
the coordinates x1,,, . . ., x,,~. We shall show that the above-considered 
function V,<t, xl, . . . . xn) is positive-strongly definite in the region 
h. 

Let us denote by 

J, = us (f, 310, . . . , %o) (s=f,...,n) (al) 

the solutions of the system (2) which satisfy for t = 0 the initial con- 
ditions 

j/ so jj G r (2i) 

where q I> 0 is an arbitrary given sufficiently small number such that the 
solution (20) satisfies the following condition: 

~j~(~JlO?~~~ Jno)~I-+~ when t- 00 (3,) 

uniformly in the xla, . . ., xnO, which are connected by the relation (21). 

Let t = t* > 0. The intersection of the set of all those points where 

v,ct, “1’ ***, x,1< q with the plane t = t* will be denoted by o(q, t*). 
It is obvious that this set is the geometric locus of the points which 
for t = t* lie on the integral curves (20). Since the integral curves 
(20) satisfy condition (22) uniformly in the xla, . . ., n,u, which are 
connected by the relation (21), it is obvious that the maximum of the 
norms of the points (t*, x1, . . ., xn) 6 a(q, t*) satisfies the condition 

max//2jl-+O when t* - 00 (3) 

Furthermore, it is well known [1,2 3 that in the case of stability of 
the zero solution of the system (l), the function V,( t, x1, . . . , xn) is 
positive-definite in the region h,. 

70-1~s in the case under consideration the function Il’,ft, x1, . . . , xn) 
is indeed positive-strongly definite in the region h,. 
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Theorem 1. In order that the zero solution of the system (1) may be 
unstable it is necessary and sufficient that in some region 

(g) t>,o, llzll<r<& 

there exist a positive-weakly definite function V( t, x1, . . ., xn> such 
that V’(t, x1, . . ., r,) > 0 on the basis of Equations (1). 

Sufficiency. ILet us assume that the zero solution of the system (1) 
is stable. Then for every given t,, > 0 and for the real constant a ‘> 0 
which appears in the definition of the weakly definite function V, there 
exists a number 6 = 6(a, t,)l> 0 such that the integral curves 

xs = xs (t, t,, 210, . . . , xm) (s=l,...,n) (24) 

of the system (1) which pass for t = t0 through the points of the 
spherical surface 

II x0 II = 6 (25) 

will satisfy the inequality 

II J: (4 to, x10, * * . , x,*0) II< a P-3 

for all t > t,. 

Let I = min V(t,, x1, . . ., x,,) if .(( ~11 < 6. Then, in view of the fact 
that I”> 0 at all points which for t > t0 lie on the integral curves 
(24), we shall have 

v (C 51, * . . ,%I) > l (27) 

By the hypotheses of the theorem, the function V is such that for 
every given E I> 0 (6 < 2) there exists a value t = T (6, t,) z> to such 
that in the plane t = T of the region g the point O(T, 0, 0, . . . , 0) can 
always be connected with at least one point M(T, x1’, . . . . x,‘) lying on 
the surface 11 x 11 = a by means of a continuous curve I? at all of whose 
points the next inequality holds: 

V(T,2,,...,x?%)<s<~ (28) 

The integral curves (24) form in the plane t = T some surface S(6, 
t,, T) at all of whose points condition (27) is satisfied, and whieh is 
homeomorphic to the spherical surface 11 x,, II = S(a, to) of the plane 
t = to of the region g. ‘Ike surface S(6, to, T) determines in the plane 
t = T some closed set ~(8, to! T) which contains the points of the sur- 
face 336, to, T) in its boundary; furthermore, the point O(T, 0, 0, . . ., 
0) 6 ye, to> T) is an interior point of this set. 
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From this, and on the basis of (26), we conclude that the above- 
indicated curve I must have at least one point in cornnon with the sur- 
face S(6, ta, T), and that at this comnon point the contradictory condi- 
tions (27) and (28) must both be satisfied. ‘Ihe obtained contradiction 
establishes that the assumption on the stability of the zero solution of 
the system (1) is not valid. 

Necessity. In Section 1 it was shown that the function V,<t, x1, . . . . 
x,,) defined by the relation (11) is ( in case of instability of the zero 
solution of the system (1)) a positive-weakly definite function in the 
region h, and that V’ z 0 in this region in view of the system (1). It 
is not difficult to see that in the given case the function W(t, x1, 
. . . , zn) = V,(t, x1, . . ., x,)(2 - e -‘) will also be a positive-weakly 
definite function in the region ha and that w’ I> 0 when 11 n 11 I> 0, in 
view of the system (1). 

‘Ihis completes the proof of the theorem. 

As en example of the application of Theorem 1 we shall investigate 
the stability of the zero solution of the differential equation 

dx - = - 2xyz, 
dt 

dy - = Y + 222, dt 
t+2 

_$ = _+ + x2y 

It is not difficult to see that the function 

v (t, 2, y, z,) = x2 + y2 + z2 + 2 t+l ZY 
t+2 

is positive-weakly definite and that in view of the system (29) we have 

2 
V’ (t, 2, y, z) = - 

t +-2 [ 
z2 + Y2 + s ZY + x2 ct + 1) b2 + yq > 0 

Hence, the zero solution of the system of equations under coneidera- 
tion is not stable. 

Theorem 2. In order that the zero solution of the system (1) may be 
asymptotically uniformly stable with respect to the coordinates 

X1()’ **., z,a, it is necessary and sufficient that in some region 

(g) t>,o, IMl\<r\<& 

there exist a positive-strongly definite function V( t, nl, . . ., rn) such 
that V’(t, x1, . . ., Xn) =g 0 in view of Equations (1). 

Sufficiency. ILet r,, ‘> O(ra < r) be given arbitrarily. l’he function 

V(t, X1’ . . . . x,,) is positive-definite. ‘Iherefore there exists a suffi- 
ciently small number to I> 0 such that the points of the set D(v,), which 
consists of all those points (t, x1, . . ., xn) 6 g at which 
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will belong to the region go: 

Furthermore, it is obvious that for every 71 Q q,, (7 ,> 0) all the 
points of the D(q) will also belong to the region g,. ,Let v0 I> 0 
(ql < ~a) be an arbitrarily chosen number such that the maximum of the 
norms of the points (t*, xl, . . . . n,) 6 o(ql, t*), where ~(7, t*) is the 
intersection of the set II with the plane t = t* > 0, satisfies the 
condition 

maxIlxlj-,O whent*-+oo (31) 

(such a choice of the number ql, obviously, is possible because of the 
fact that V(t, x1, . . . . xn) is a positive-strongly definite function). 

ILet t,., > 0 be an arbitrarily chosen value of t. We select a number 
S = 6(t,, T,)O O(S < ro) such that 

~(tO,%...>xn)<r)l (32) 

whenever:(Ix;(l < 6(t,, qL). S ince in the given case the zero solution of 
the system (1) is stable by a theorem ofbtiapunov 13 I, we shall assume 
that the indicated number 6(t,, qI) is chosen in such a way that all 
solutions 

% = 58 (6 to, %o,..., Go) (s = 1,2,..., n) (33) 

of the system (1) which satisfy, for t = to, the initial conditions 

II 2011 < 6 (to9 rll) (34) 

will lie in the region g, for all t > t,,. By the hypothesis of the 
theorem, V'(t, x1, . . . . x,)< 0. Therefore, on the basis of (34) and 
(32), we can conclude that the set of all points (t, xl, . . . . x,) which 
lie for t > t, on the integral lines (33) belong to the set D(q,). But 
then it follows from (31) that the solutions (33) of the system (1) 
satisfy the condition 

11 x (t, to, xl0 ,..., xm) 11 -+ 0 when t -+w (35) 

uniformly in xlc, . . . . x,,,, which belong to the region 

t = to, II 20 II < 6 00, %) 
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Necessity. In Section 2 it was shown that in the case of an asymptotic 
zero solution of the system (l), which is uniform in the coordinates 

X10’ * *‘> xn(), the function V(t, x1, . . ., xn) defined by the relation 
(11) will be positive-strongly definite in the region h,, while in the 
same region V’ E 0, in view of the system (1). It is not difficult to 
see that in this case, also, the functions 

u (t, q,..., z,) = V, (t, x1,... , G) (I + e-t) 

are positive-strongly definite in the region h,, while in the same region 
U’ < 0 if 11 z 11 > 0. Th is completes the proof of the theorem. 
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